In this paper we establish some fixed point results for functions which satisfy certain weak contractive inequalities in partially ordered cone metric spaces. We have also given some illustrative examples. Our results are extension of some existing results.
extended to metric spaces by Rhoades [26] . Fixed point problems involving weak contractions and mappings satisfying weak contraction type inequalities have been considered in several works like [4, 12, 13, 29] . Particularly, in cone metric spaces the weak contraction principle was extended by the present authors [9] .
The use of control function in fixed point theory was initiated by Khan et al. [21] which they called Altering distance function. This function has been used in obtaining fixed point results in metric spaces [5, 22, 27] and probabilistic metric spaces [7, 8] . It has also been used in multivalued and fuzzy fixed point problems [6] .
In this paper we have proved some fixed point results in cone metric spaces having a partial order by using a control function. Precisely, we show that certain functions will have fixed points if they satisfy certain weak contractive inequalities. In [3] , Altun et al. had obtained Ciric type fixed point results in partially ordered cone metric spaces. Our results extend the results of [3] in the special ordered cone metric spaces where the cone metric d(x, y) for x ̸ = y, is constrained to the interior of the cone. We have given some examples to illustrate our results.
Mathematical Preliminaries Definition 2.1([16])
Let E always be a real Banach space and P a subset of E. P is called a cone if and only if:
(i) P is nonempty, closed, and P ̸ = {0},
(ii) a, b ∈ R, a, b ≥ 0, x, y ∈ P =⇒ ax + by ∈ P , (iii) x ∈ P and −x ∈ P =⇒ x = 0.
Given a cone P ⊂ E, a partial ordering ≤ with respect to P is naturally defined by x ≤ y if and only if y − x ∈ P , for x, y ∈ E. We shall write x < y to indicate that x ≤ y but x ̸ = y, while x ≪ y will stand for y − x ∈ intP , where intP denotes the interior of P .
The cone P is said to be normal if there exists a real number K > 0 such that for all x, y ∈ E, 0 ≤ x ≤ y ⇒ ∥x∥ ≤ K∥y∥. The least positive number K satisfying the above statement is called the normal constant of P .
The cone P is called regular if every increasing sequence which is bounded from above is convergent; that is, if {x n } is a sequence such that x 1 ≤ x 2 ≤ ... ≤ x n ≤ ... ≤ y, for some y ∈ E, then there is x ∈ E such that ∥x n − x∥ −→ 0 as n −→ ∞. Equivalently, the cone P is regular if and only if every decreasing sequence which is bounded from below is convergent. It is well known that a regular cone is a normal cone.
In the following we always suppose that E is a real Banach space with cone P in E with intP ̸ = ∅ and ≤ is the partial ordering with respect to P. Definition 2.2 Let ψ : P −→ P be a function.
(i) We say ψ is strongly monotone increasing if for x, y ∈ P , x ≤ y ⇐⇒ ψ(x) ≤ ψ(y).
(ii) ψ is said to be continuous at x 0 ∈ P if for any sequence {x n } in P ,
The following is the definition of Altering distance function in cone metric space. Definition 2.3 A function ψ : P −→ P is called an Altering distance function if the following properties are satisfied:
(i) ψ is strongly monotone increasing and continuous,
(ii) ψ(t) = 0 if and only if t = 0.
Definition 2.4 ([16])
Let X be a nonempty set. Let the mapping d :
, for all x, y ∈ X and d(x, y) = 0 if and only if x = y,
Then d is called a cone metric on X and (X, d) is called a cone metric space. (i) {x n } converges to x ∈ X if for every c ∈ E with 0 ≪ c there exists n 0 ∈ N such that for all n > n 0 , d(x n , x) ≪ c. We denote this by lim n x n = x or x n −→ x as n −→ ∞.
(ii) If for every c ∈ E with 0 ≪ c there exists
A cone metric space X is said to be complete if every Cauchy sequence in X is convergent in X [16] . 2 Let E be a real Banach space with cone P in E. Then
where a is real number, then 0 ≤ ax ≤ ay [19] , (ii) ϕ(t) ≪ t, for t ∈ intP and
Let {x n } be a sequence in X for which {d(x n , x n+1 )} is monotonic decreasing. Then {d(x n , x n+1 )} is convergent to either r = 0 or r ∈ int P .
Main Results
Lemma 3.1. Let (X, d) be a cone metric space. Let ϕ : intP ∪ {0} −→ intP ∪ {0} be a function such that 
Then a sequence {x n } in X is a Cauchy sequence if and only if for every c ∈ E with 0 ≪ c there exists
Suppose that {x n } is a Cauchy sequence. Then for every c ∈ E with 0 ≪ c there exists n 0 ∈ N such that d(x n , x m ) ≪ c, for all n, m > n 0 . Let c ∈ E with 0 ≪ c be arbitrary. By condition (i) of the lemma ϕ(c) ∈ int P ; that is, 0 ≪ ϕ(c). Therefore, there exists
Conversely suppose that for every c ∈ E with 0 ≪ c there exists
, for all n, m > n 0 . Since c ∈ intP , by condition (ii) of the lemma, we have ϕ(c) ≪ c. Combining the above two inequalities by using the property (ii) of lemma 2.2, we obtain
Hence {x n } is a Cauchy sequence. Theorem 3.1 Let (X, ≼) be a partially ordered set and suppose that there exists a cone metric d in X for which the cone metric space (X, d) is complete with regular cone P such that d(x, y) ∈ intP , for x, y ∈ X with x ̸ = y. Let f : X −→ X be a continuous and nondecreasing mapping with respect to ≼ satisfying
, with p, q, r ≥ 0, p + 2q + 2r ≤ 1, and ψ : P −→ P and ϕ : intP ∪ {0} −→ intP ∪ {0} are continuous functions with the following properties:
If there exists x 0 ∈ X such that x 0 ≼ f x 0 , then f has a fixed point in X.
, and ψ is strongly monotonic increasing, it follows that
. Using the strongly monotone property of ψ, we have
(1−q−r) ≤ 1). Therefore, {d(x n+1 , x n )} is a monotone decreasing sequence. Hence by lemma 2.3, there exists u ∈ P with either u = 0 or u ∈ int P such that
2), using (3.3) and the continuities of ψ and ϕ, we have
, (since p + 2q + 2r ≤ 1 and ψ is strongly monotonic increasing), which is a contradiction unless u = 0. Hence,
Next we show that {x n } is a Cauchy sequence. If {x n } is not a Cauchy sequence, then by lemma 3.1, there exists a c ∈ E with 0 ≪ c, such that
Letting k −→ ∞ in the above inequality, using (3.4) and the property (v) of Lemma 2.2, we have lim
). Letting k −→ ∞ in above inequalities, using (3.4) and (3.5), we have lim
). Letting k −→ ∞ in the above four inequalities, using (3.4) and (3.5), we have lim
Using (3.4), (3.5), (3.7) and (3.8), we have lim
. Letting k → ∞ in the above inequality, using (3.5), (3.6), (3.9) and the continuities of ψ and ϕ, we have
, (since p + 2r ≤ 1 and ψ is strongly monotonic increasing), which is a contradiction by virtue of a property of ϕ. Hence {x n } is a Cauchy sequence. From the completeness of X, there exists z ∈ X such that x n −→ z as n −→ ∞. (3.10) Since f is continuous and
; that is, {x n } is a nondecreasing sequence. Also, this sequence converges to z. Then x n ≼ z, for all n ∈ N. Therefore, we can use the condition (3.1) and so we have
f z)]) − ϕ(d(z, x n )). Taking n −→ ∞ in the above inequality and using properties of ψ and ϕ, we have ψ(d(f z, z)) ≤ ψ((q + r) d(z, f z)).
Since p+2q +2r ≤ 1 implies q +r ≤ 
] with p, q, r ≥ 0 and p + 2q + 2r ≤ 1. So, if p + 2q + 2r < 1, Theorem 3.1 is directly reducible to the statement in [24] . On the other hand, if E = R, P = R + , Theorem 3.1 is reducible to the result in [1] . The last statement follows by a result of [18] . Theorem 3.3 Let (X, ≼) be a partially ordered set and suppose that there exists a cone metric d in X for which the cone metric space (X, d) is complete with regular cone P such that d(x, y) ∈ intP , for x, y ∈ X with x ̸ = y. Let f, g : X −→ X be two weakly increasing mappings with respect to ≼ satisfying , y) ), for all comparative x, y ∈ X, (3.11) where
, with p, q, r ≥ 0, p + 2q + 2r ≤ 1, and the conditions upon (ϕ, ψ) are the same as in Theorem 3.1. If f or g is continuous, then f and g have a common fixed point in X. Proof. Let x 0 ∈ X be arbitrary. We construct the sequence {x n } such that x 2n+1 = f x 2n and x 2n+2 = gx 2n+1 , for all n ≥ 0. Since f and g are weakly increasing, we have x 1 = f x 0 ≼ gf x 0 = gx 1 = x 2 , and x 2 = gx 1 ≼ f gx 1 = f x 2 = x 3 . Continuing this process we have
... Therefore, sequence {x n } is nondecreasing. Since x 2n−1 and x 2n are comparative, for all n ≥ 1 we have from (3.11)
In view of above facts, {d(x n+1 , x n )} is a monotone decreasing sequence. Hence by lemma 2.3, there exists u ∈ P with either u = 0 or u ∈ int P such that
(3.13) Taking n −→ ∞ in (3.12), using (3.13) and the continuities of ψ and ϕ, we have
, (since p + 2q + 2r ≤ 1 and ψ is strongly monotonic increasing), which is a contradiction unless u = 0. Hence
14) Now we show that {x n } is a Cauchy sequence. By virtue of (3.14), it is sufficient to prove that {x 2n } is a Cauchy sequence. If {x 2n } is not a Cauchy sequence, then by lemma 3.1 there exists a c ∈ E with 0 ≪ c such that
Hence by a property of ϕ in (iv) of the theorem, ϕ(c) ≤ d(x 2m , x 2n ). Therefore, there exist sequences {2m(k)} and {2n(k)} in N such that for all positive integers k,
). Letting k −→ ∞ in the above inequality, using (3.14) and the property (v) of lemma 2.2, we have lim
). Letting k −→ ∞ in the above inequalities and using (3.14) and (3.15), we have lim
). Letting k −→ ∞ in the above six inequalities and using (3.14), (3.15) and (3.16), we have respectively lim
and lim
Using (3.14), (3.16), (3.18) and (3.19), we have lim
. Letting k → ∞ in the above inequality, using (3.17), (3.19) , (3.20) and the continuities of ψ and ϕ, we have
, (since p + 2r ≤ 1 and ψ is strongly monotonic increasing), which is a contradiction by virtue of a property of ϕ. Therefore, {x 2n } is a Cauchy sequence. Hence in view of (3.14), {x n } is a Cauchy sequence. From the completeness of X, there exists z ∈ X such that
Hence z is a fixed point of f . We must show that z is also a fixed point of g. Since z ≼ z, we can use the inequality (3.11) for x = z and y = z; then we have
, which is a contradiction unless z = gz. Hence z is a common fixed point of f and g. Similarly, if g is continuous, then z is a common fixed point of f and g. Therefore, f and g have a common fixed point.
The following theorem is a variant of Theorem 3.3. Theorem 3.4 Let (X, ≼) be a partially ordered set and suppose that there exists a cone metric d in X for which the cone metric space (X, d) is complete with regular cone P such that d(x, y) ∈ intP , for x, y ∈ X with x ̸ = y. Assume that if {x n } is a nondecreasing sequence in X such that x n −→ x then x n ≼ x, for all n ∈ N. Let f, g : X −→ X be two weakly increasing mappings with respect to ≼ satisfying (3.11), where M (x, y) and the conditions upon (ϕ, ψ) are the same as in Theorem 3.3. Then f and g have a common fixed point in X. Example 3.1 Let X = {α, β, γ, δ} with the partial order ≼ for which γ ≼ δ ≼ α ≼ β. Then (X, ≼) be a partially ordered set. Let E = R 2 , with usual norm, be a real Banach space. We define P = {(x, y) ∈ E : x, y ≥ 0}. The partial ordering ≤ with respect to the cone P be the partial ordering in E. Then P is a regular cone. Let d : X × X −→ E be given as follows:
) is a complete cone metric space with the required properties of Theorems 3.1 and 3.2. Let ψ : P −→ P and ϕ : intP ∪ {0} −→ intP ∪ {0} be defined respectively as follows: It can be verified that , y) ), for all x, y ∈ X with y ≼ x. The conditions of Theorems 3.1 and 3.2 are satisfied. Here it is seen that β is a fixed point of f . Example 3.2 Let X = [0, 1] with usual order ≼ be a partially ordered set. Let E = R 2 , with usual norm, be a real Banach space. We define P = {(x, y) ∈ E : x, y ≥ 0}. The partial ordering ≤ with respect to the cone P be the partial ordering in E. Then P is a regular cone. Let d : X × X −→ E be given as follows: , y) ), for all x, y ∈ X with y ≼ x. The conditions of Theorem 3.2 are satisfied. Here it is seen that 0 is a fixed point of f . Example 3.3 Let X = [0, 1] with usual order ≼ be a partially ordered set. Let E = R 2 , with usual norm, be a real Banach space. We define P = {(x, y) ∈ E : x, y ≥ 0}. The partial ordering ≤ with respect to the cone P be the partial ordering in E. Then P is a regular cone. Let d : X × X −→ E be given as follows:
d ( , y) ). The conditions of Theorems 3.3 and 3.4 are satisfied. Here it is seen that 1 16 is a common fixed point of f and g.
